ABSTRACT This paper proposes a new approach to online solve the optimal control problem of a humanoid robot modelled as a hybrid system. It minimizes a performance index defined over the states trajectories by finding the optimal switching times given a fixed switching sequence. The gradient of this cost functional is computed by using the sensitivities of the system's states with respect to the switching times, which let us to express them as a continuous dynamics.Simulation examples are provided to show the effectiveness of the proposed approach
Introduction
Among several approaches to control a humanoid robot, there is one which is based on the control of subsystems which represents diverse operation modes of a whole system. We can think in a humanoid robot which has several degrees of freedom, to be more specific, it is equipped with several joints which work together with the purpose of performing a certain task (take a step forward, turn to the left, jump, etc.); these operation modes are represented by subsystems that are described by continuous functions. There is also a discrete dynamics which is defined by the sequence and duration of each subsystem, thus, the interaction between the continuous and discrete dynamics is a hybrid system for which it is possible to control the switching sequence, the switching time or both ( [3] , [4] ), as well as, the control and state trajectories of each subsystem.
Hybrid systems have as much applications as classical systems, such as power electronics, multi-agent network control, manufacturing systems, air traffic control, among others. Describing systems as hybrid ones has allowed us to develop control approaches at a higher level (discrete dynamics) where it is not needed to model and control all the humanoid robot joints. This is useful to describe systems much easier than classical modelling, another advantage is the possibility to control systems which have closed architecture.
There are several ways to model a hybrid system, one of them is the description by hybrid automaton where its nodes represent a continuos dynamics while transitions represent the discrete dynamics. The control of this automaton is based on lineal constraints over state trajectories. This methodology is used in [10] . In [12] , they control a mobile robot using hard switches on the behavior based system in such a way that they model each dynamic as a node in an automaton, besides, each node has a continuous control input. However, the interaction of different sort of dynamics can produce an unexpected behavior, for this reason the development of hybrid control systems is a challenge.
On the other hand, using switched systems, which are a particular kind of hybrid systems, allow ( besides the control of continuous input ) to control of switching schedules (switching times and switching sequence) [6] , [9] , [7] . Such systems are composed of various subsystems, which are controlled by switching strategies. Thus the optimal control problem of switched systems can include the optimal switching schedule (optimal timing control) and/or the continue optimal control of subsystems whose form iṡ x = f i (x, u), where i = 1, ..., N > 0 and N ∈ I represent the operation modes of the whole system. However in this paper we focus on systems in which the control input u is absent, due to each joint has a control law which enables the robot to walk, rotate, jump, etc. So our interest is to control the set of operation modes that the robot can perform instead of controlling each joint. Thus the structure of this kind of systems has the following form:
where the functions f i are continuously differentiable over the interval t = [t 0 = 0 t f = T ]. These systems are called autonomous switched systems ([6] , [8] ) whose control is only the sequence in which the modes are activated and the time intervals that the systems stay in each subsystem. So we can define a switching schedule as where each pair (τ k , i k ), k = 1, ..., N + 1 represents the switching time instant τ k from subsystem i k−1 to subsystem i k , note that τ 0 = t 0 and τ N +1 = T . So if we have a switching sequence fixed i k , the equation (2) can be rewritten as
The goal of this paper is to find a switching law that consists of computing "on line " the optimal switching instants given a fixed sequence , this can be depicted by the hybrid automaton of the figure 1 where each node represents a continuous dynamics and the transitions represent the discrete dynamics defined by the switching times.
The second section discusses the optimal timing control for switched systems. It also presents the way to compute the gradient vector of the cost functional with respect of the switching times. The third section describes the sensitivities approach for online computing the gradient of the cost functional so that we can obtain the optimal switching times. Then, fourth section shows examples of the humanoid robot ( obstacle avoidance and goal attraction) and finally we present a conclusion in the fifth section.
Problem Formulation
Let us consider the autonomous switched system (1), with a fixed and finite sequence of continuously differentiable functions f i : R n → R n at the tim T > 0 with an initial condition x(0) = x 0 . Let L : R n → R a continuously differentiable function and consider the cost functional described by
notice that the cost functional (4) includes the terminal cost which we omit without loss of generality. Now we consider the switching times, τ 1 , ..., τ N , as our entire control of the system, as J depends of the vector τ through x(t, τ ) , we can obtain the gradient vector ∇J(τ ) by the following way
where p(t) ∈ R n represents the costates defined by the fol-
, with the boundary condition p(T ) = 0. p(τ i ) is the costate evaluation at the time t = τ i . It is important to note that this dynamics (6) 
is computed backward ([T , 0]).
Finally it computes the sensitivity of states x(t) with respect to switching times in the following way.
where Φ i (t, τ i+1 ) denotes the state transition matrix of the autonomous linear systeṁ
over the interval [τ i , τ i+1 ] with i = 1, ..., N + 1.
Online Solution
The use of costates (6) requires the knowledge of the entire trajectory x(t), for this reason the online solution is not feasible. In some works, the trajectory is estimated in order to compute the optimal switching times before these have been reached by the real time [11] . In this paper, we use the sensitivities approach which allow to us to compute the state dynamics, the costate dynamics and the switching times at the time t = [0 T ]. For each instant of time t we are considering that only a switching ( f i to f i+1 ) is posible. So, the challenge is to find the current optimal time before switching is needed. Thus, we can do the following: Let f 1 (x(t)) : R n −→ R n and f 2 (x(t)) : R n −→ R n be continuously differentiable functions and consider the following switched dynamical system defined over a given
Computing the gradient of the equation (4) with respect to a switching time τ , we obtain
separating the equation (10) into two integrals and adding τ as a integration boundary. We have
For t ∈ [0 τ ], let δτ > 0 be fix such that τ +δ < T , we know that x(t) is the state trajectory of the system whose switching time is τ , likewise let us denote by x(t) + δx(t) as the state trajectory of the system (9) whose switching time is τ + δτ . Analyzing these trajectories we can observe thatẋ(t) = f 1 (x(t)) andẋ(t) +δx(t) = f 1 (x(t) + δx(t)), furthermore we can note that x(0) = x(0) + δx(0) so, this means, that both trajectories have the same evolution on the interval [0 τ ], therefore δx(t) = 0 for every t = [0 τ ], thus 
On the other hand, the equation (7) ca be rewritten with an only switching
, taking the partial derivative of this equation with respect to the time, we obtain
(14) As f 1 (x(τ )) and f 2 (x(τ )) do not depend on t, the equation reduces to
, so taking the property of the state-transition matrix for autonomous linear systems [5] ,
and A can be denoted as
the equation (15) is rewritten as follows
, where S(x(t)) ∈ R n is defined by
which represents the sensitivities of the states with respect the switching time τ . Isolating (f 1 (x(τ )) − f 2 (x(τ )) of the equation (13) and since the state-transition matrix has inverse, we obtain
finally replacing the equation (20) in (18), we have the following expression
Notice that this dynamic is only defined after the switching time τ so on this time, the sensitivity dynamics switches. This equation expresses the sensitivities dynamics of the states with respect to the switching time, thus allowing to online computing the optimal intervals.
It is known that gradient descent algorithm is described by the following equation [2] 
If we rewrite (22) as follows
and we divided each side of this equation by ∆t and taking the limit when ∆t tends to 0, we obtain
If we observe the right side of the equation (24). We realize that it represents the definition of the derivative. Moreover, we can replace the left side of the equation by (12), so we haveτ
, finally it represents
The state trajectories x(t).
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where dx dτ is described by the dynamic of the sensitivities expressed in (18) and γ is the step size.
We can obtain an expanded modeled composed by the dynamics of the equation (21), (26) and (1) which can be computed at the same time so that we can find the optimal switching times online.
The flowcharts of the figure 2 and 3 represent the off-line algorithm and the online algorithm respectively. Clearly we can observe that the off-line algorithm ( [1] )needs to know both trajectories, the costate and the sate, so that it can be possible to get the gradient of the functional cost (4) and then it obtains the optimal switching times. Meanwhile, the online algorithm computes the switching times along with the state trajectory and the sensitivities, and once J has reached a certain criterion near to 0, τ keeps until the real time t has passed it, so τ switches again with the purpose to converge to the next optimal switching time and so on.
Study Case: Humanoid Robot
As a sample model, it is taken the humanoid robot Bioloid GP to show the above methodology. This robot has the features of taking a step forward, taking a step backward, turning CW, among others properties. For our case we present two different examples: The first one is reaching a desired position on the plane without obstacles in the way, on the other hand, the second one is goal approach with obstacle avoidance
Goal Approach Without Obstacle Avoidance
For this case we take three different operation modes which are: forward, turn CCW and stop. It is possible to represent this dynamics by the hybrid automaton of the figure 4 with N = 2. 
, is given by x = (x 1 x 2 x 3 ), the first two represent a position on the plane (X, Y ), the last one represents the orientation θ. V = 15.75cm/s is the translational speed as well as W = 1.25rad/s is the rotational speed. In addition, the sensitivities dynamics S = [s 1 s 2 s 3 ]
T are switched in the following way.
The cost functional used in this example is
, which represents the mean square error between the desired position and desire orientation (
We use Matlab to simulate the sample of autonomous switched system. The simulation is made for a time t = • For the first switching γ = 0.7 and for the second switching γ = 9.05.
• The simulation is made for every time t ∈ [0 10].
The trajectory of τ and the sensitivities S shows switchings through the time t (see figures 6 and 5) this is because the state trajectories have switchings too ( see figure 7 ) . The first switching was τ = 0.965s in the time t = 0.91s, due to the criterium, τ stays there until the time t reaches this optimal switching time and then τ starts to converge to the next optimal switching τ = 5.78s. These optimal switching times can be compared by using the off-line algorithm exposed in figure 2 figure 8 it is shown the robot humanoid trajectory on the plane (X, Y ) and we can observe that the goal has reached (star), and finally we can observe in figure 9 how the cost functional tends to cero.
Goal Approach with Obstacle Avoidance
To avoid an obstacle we consider the following sequence: Turn CCW, Move Forward, Turn CW, Move Forward,Turn CCW, Move Forward and Stop. This sequence can be modelled by the automaton of the figure 10, where
We have seven functions therefore N = 6, this means that the systems has six switching times. Now the cost functional penalizes proximity to the obstacles and distance from the goal. We chose the performance function to be Figure 12 . τ Dynamics: Third and fourth Switching times
for some given α 1 , α 2 > 0, where x o and y o represent obstacle position which are changing with respect to the time.
We separate the switching time trajectory into several figures which each one representing a different switching time (see figures 11, 12 and 13), and the figure 14 represents the humanoid robot trajectory (dashed line) and the obstacle trajectory (continuous line). 
Conclusion
This paper presented an online solution for the optimal control problem of the humanoid robot model as a switched system, We used sensitivities methodology to obtain the gradient of the functional cost J, which let us to find the optimal switching times (21), We achieve minimization of the functional cost J and for each mode we get the optimal switching times which were compared with the ones obtained with the off-line algorithm. The convergence of the optimal switching times is defined ( besides of the sensitivities ) by setting γ value, because it is possible to have wrong convergence of the switching time due to high or low value of γ. We have on mind to extend this work by experimental testing on the humanoid robot, where there is a camera that locates the position of the robot, goal and the obstacle so that the robot can reach the goal and avoid the obstacle
